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1 Introduction 



Consider the curve in 3-dimensional space. Equations of such curves, fohowing 
[1] we can write in the form 



/ ei \ 

62 

/ ei \ 

V 63 ; 



where 



Here 



C 



V 








k 

T 
-T 



\ 




G = 



(la) 
(16) 

(2) 
(3) 



Note that equation (la) is the Serret - Frcnct equation (SFE). So we have 

Ct-G, + [C,G]=0 (4) 



or 



h - UJ3x - TUJ2 = 
U}2x — ™3 + kuJi = 
Tt - UJlx + I3ku)2 = 0. 
We now consider the isotropic Landau-Lifshitz equation (LLE) 

= S A Sxx- 



If 



then 



ei = S 



k 



(5a) 
(56) 
(5c) 

(6) 
(7) 
(8) 



satisfies the NLSE 

iqt + + 2/3 I g |2 g = 0. (9) 

This equivalence between the LLE (6) and the NLSE (9) we call the Laksh- 
manan equivalence or L-equivalcncc [1]. These results for the case (3 = +1 
was obtained in [2] and for the case /3 = — 1 in [1]. Note that between these 
equations also take places gauge equivalence (G-equivalence) [6]. 

In this paper, starting from Lakshmana's idea, we will discuss some aspects 
of the relation between differential geometry of curves and surfaces and (2+1)- 
dimensional soliton equations. Before this, in [1] we proposed some approaches 
to this problem, namely, the A-, B-, C-, and D-approaches. Below we will work 
with the B-, C-, D-approaches. We will discuss the relation between geometry 
and the Hirota's bilinear method. Also, we will consider the connection between 
supersymmetry, geometry and soliton equations. 
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2 Curves and Solitons in 2+1 



In this section, we work with the D-approach. Using this D-approach, we will 
establish a connection between curves and (2+l)-dimensional soliton equations. 

2.1 Some 2- dimensional extensions of the SFE 

According to the D-approach, to establish the connection between (2-|-l)-dimensional 
soliton equations and differential geometry of CTirvcs in [1] was constructed some 
two (spatial) dimensional generalizations of the SFE (la). Here we present some 
of them. 

2.1.1 The M-LIX equation 

This equation has the form [1] 



Q3 

aeij/ = fieix + ^ hjGi A -q^^i + cie2 + dies 



(10a) 



ae2y = Exercise Nl (106) 

ae^y = Exercise Nl (10c) 

Here the finding of the explicit forms of r.h. of (10b, c) we left as the exercises 
(see, the section 7). 



2.1.2 The M-LX equation 

The M-LX equation reads as [1] 









( ] 






a 






62 


+ B 


62 




I ^3 , 


' y 


I ^3 ) 


X 


I ^3 / 



/ ei \ 

62 

V 63 y 

where A, B, Cj - some matrices. 



/ 61 \ 

62 
V 63 / 



(11a) 



(116) 



2.1.3 The M-LXI equation 

This extension has the form [1] 

62 
V 63 



C 








r 61 ^ 




r 61 \ 


62 




62 




62 


63 j 




^63 j 


y 


^63; 



D 



^ m3 — m2 ^ 

—f5m^ mi 
\^ I3m2 —mi y 



(12a) 



(126) 
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2.1.4 The modified M-LXI equation 

The modified M-LXI (mM-LXI) equation usually we write in the form [1] 








( e, \ 




( e. 


Cm 














V ^3 ) 


y 


63 



(13a) 



where 



Crt 



I 



k 




) 



T 





-Dr, 



D 



-/3m3 



ma 


—mi 



— m9 ^ 



-m2 
mi 




(136) 



and so on [1]. In this paper, wc work with the M-LIX, M-LXI and mM-LXI 
equations. Note that the M-LXI equation is the particular case of the mM-LXI 
eq. as (T = 0. 

2.2 The mM-LXI equation and the mM-LXII equation 

Let us return to the mM-LXI equation (13), which we write in the form 



(14a) 










62 




62 


V ^3 ) 




, 63 J 




where 

/ W3 

G = -I3i03 

y I3u2 -uji 

Prom (14a,b), we obtain the following mM-LXII equation [1] 

Cy-D^ + [C,D]=0 

or 

ky — m^x + (^Trni — Tm2 = 

Cj/ — ■'T^2x + Tm3 — kmi = 

Ty — "mix + P{km2 — crms) = 0. 

As cr = the mM-LXII equation reduces to the M-LXII equation [1] 
mM-LXII equation (16), we can rewrite in form 



ky - msa 



^63(633, A e3j^) 



(146) 



(14c) 



(15) 



(16a) 

(166) 
(16c) 
(16d) 
The 

(17a) 
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o-j/ - = ^e2(e2j; A e2y) (176) 

Ty - mij; = ei{eix A eiy) (17c) 

Also from (14) we get 

h — i^3x + CTLOl — TUJ2 = (18a) 

o"t - i^2x + Tcos - koJi = (186) 

n - oJix + I3{ku2 - (TWs) = (18c) 

and 

mit - oJiy + I3{m^uj2 - m2UJ3) = (19a) 

m2t - i^2y + miujs - m^iUJi = (196) 

'mst - ^3y + rn2L0i - miU2 = 0. (19c) 

2.3 On the topological invariants 

Prom the mM-LXII equation (16) follows 

[C,D\t + Cty-Dtx = Q (20a) 

or 

{ami - Tm2)t + hy - mztx = (206) 

(rma - kmi)t + uty - m2tx = (20c) 

e{km2 - um2,)t + ny - mux = 0. (20d) 

Hence we get 

{ami - Tm2)t + {<yoJi - Tuj2)y - {m2Uii - miUJ2)x = 0, (21a) 

(rms - kmi)t + (rws - kuji)y - {miuj^ - mzUJi)x = 0, (216) 

{km2 - (7mz)t + {kuJ2 - crt^z)y - {m2,uJ2 - m2UJ3)x = 0. (21c) 
So we have proved the following 

Teorema: The (24-l)-dimensional nonlinear evolution equations (NLEE) or 
dynamical curves which are given by the mM-LXI equation have the following 
integrals of motions 

Ki — J J {Km2+crm3)dxdy, K2 ~ j j {Tm2+crmi)dxdy, ~ j j (^"'"S"^"^!)'^^^?/ 

(22a) 



or 



^1 = J J ei{eix A eiy)dxdy (226) 
^2 = 1 j e2{e2x ^ e2y)dxdy (22c) 
^3 = j j e3{e3x Aesyjdxdy. (22d) 
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So we have the following three topological invariants 

Qi = ^ / ^^i^^x /\ eiy)dxdy (23a) 

(32 = ^ / ^2(^20; A e2y)dxdy (236) 

= 7- / / e3(e3a; A e^y)dxdy (23c) 



47r 

We note that may be not all of these topological invariants are independent. 

2.4 The M-LXI equation and Soliton equations in 2+1 

In this section we will establish the connection between the M-LXI equation 
(12) and soliton equations in 2+1 dimensions. Let us, we assume 

ei = S (24) 

Moreover we introduce two complex functions q,p according to the following 
expressions 

q = ai^^\ p = a2e'^^ (25) 
where aj,bj are real functions. Now we ready to consider some examples. 

2.4.1 The Ishimori equation 

The Ishimori equation (IE) reads as [7] 

St = S A (Sxx + O^Syy) + UxSy + UySx (26a) 

Uxx - a'^Uyy = -20^8 ■ {Sx ASy). (266) 

In this case we have 

mi = dx%-^Mi'^u] (27a) 

= (276) 

ms = d-'[ky + ^Mt'^u] (27c) 

and ^ 

uji = -j^[-^2x + (28a) 

L02 = —kx — oF'i'ni-iy + m2mi) + im2Ux (286) 
UJ3 = —kr + a^{m2y — m^mi) + ikuy + im^Ux- (28c) 

Functions q,p are given by (25) with 

a\ = all = -fc^ + J-J— (m§ + m^) — -aRkm^ — -ajkm2 (29a) 



where 



bi = d-'{-^ -^-A + D-D)} (296) 

a\= a'2 = + -^-^(ml + m|) + -Q;RA;m3 — -^0Likm2 (29c) 

b2 = d-\-^ -{A-A + D-D)} {29d) 
110:2 

71 = i{^k'^T + ^^(ms/cmi + m2ky)- 
^aR{k'^mi + m^kr + m.2kx) + ^ai[k{2ky - msx) - kxtris]}. (30a) 

1 , U|2 

72 = "^2^" ^ + —^{m^kmi + m2ky)+ 

^aR{k'^mi + ms/cr + m2A;a;) + ^ai[k{2ky - m^x) - kxina]}. (306) 
Here a = ctR + iaj. In this case, q,p satisfy the following DS equation 

m + Qxx + o?(lyy + vq = Q (31a) 

-iPt + Pxx + 0?Pyy + vp = Q (316) 

Vxx - o?Vyy + 2[{pq)^^ + Q;^(pg)2^j,] = 0. (31c) 

So we have proved that thelE (26) and the (31) are L-equivalent to each other. 
As well known that these equations arc G-cquivalcnt to each other [5]. Note 
that the IE contains two reductions: the Ishimori I equation as ur = l,ai = 
and the Ishimori II equation as aR = 0, a/ = 1. The corresponding versions of 
the DS equation (31), we obtain as the corresponding values of the parameter 

«[!]• 

2.4.2 The Myrzakulov IX equation 

Now we find the connection between the Myrzakulov IX (M-IX) equation and 
the curves (the M-LXI equation). The M-IX equation reads as 

St = S A MiS + ^283; + AiSy (32a) 

M2U = 2a^S(S^ A Sy) (326) 

where a, b, a= consts and 

^2 ^2 
ay^ oxoy ax^ 

^2 q2 q2 

^2 = - 2a(2a + 1)7^^ + 4a(a + 1)-^, 

Ai = i{a{2h + l)uy - 2{2ab + a + b)ux}, 
A2 = i{'ia~^{2a'^b + + 2ab + b)ux - 2{2ab + o + b)uy}. 
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The M-IX equation was introduced in [1] and is integrable. It admits several 
intcgrablc reductions: 

1) the Ishimori equation as a = 6 = — ^ 

2) the M-VIII equation as a = 6 = — 1 
and so on [1] . In this case we have 

"^3 = 9~^[ky + ^^I^-^zw] (33c) 

and ^ 

= -^[-^2x + Tujs], (34a) 

L02 = — 4(a^ — 2ab — b)kx — 4a(6 — a)ky — a^{msy + m2mi) + m2^i (346) 
0^3 = —4(0^ — 2ab—b)kT — 4a{b—a)kmi+a'^{rn2y — rn3rni) + kA2+rn3Ai (34c) 
Functions q,p are given by (25) with 

^ ]6p""'i ^ -|^{(l + l)^fc^ + ^p(m| + m2)-(/ + l)Q;Rfcm3-(l + l)a//cm2} 

(35a) 

bi = d-\-^ -(A-A + D-D)} (356) 

0-2 = "j~j2'^2 = ■pp'i^^^^ + ■^~J~("^3 + ^-2) ~ lajikms + lajkm2} (35c) 

b2 = d-\-^ -^A-A + D-D) (2.9a) 
zza2 

where 

lap 

71 = i{2{l + l)^A;^r + —^{mskmi + m2ky)- 

{l + l)Q;_R[fe^mi + ms/cr + m2/ca;] + (/ + l)ai[k{2ky - m^x) - kxiri^]} (36a) 

lap 

72 = — z{2/^A;^T + —^{m^kmi + m2ky)— 

lanik^mi + m^kr + m2kx) — lai[k{2ky — m3a;) — fcajma]}. (366) 

Here a = aij + iaj. In this case, q,p satisfy the following Zakharov equation 
[4] 

iqt + Miq + vq = Q (37a) 

ipt — Mip — vp = (376) 

M2V = -2Mi{pq) (37c) 

As well known the M-IX equation admits several reductions: 1) the M-IXA 
equation as or = l,a/ = 0; 2) the M-IXB equation as an = 0, a/ = 1; 3) 
the M-VIII equation as a = 6 = 1 4) the IE a = 6 = — ^ and so on. The 
corresponding versions of the ZE (9), we obtain as the corresponding values of 
the parameter a. 
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2.5 The modified M-LXI equation and Soliton equations in 2+1 

In this section we will establish the connection between the modified M-LXI 
equation (14) and soliton equations in 2+1 dimensions. As above we assume 

ei = S (38) 

and 

q = aie'''\ p = a2e'^^ (39) 
where aj,bj are as and above, real functions. Examples. 

2.5.1 The Ishimori equation 

Consider the IE (26). For this equation we obtain 

mi = d-'[Ty-^Mi'''u] (40a) 

^2 = ^ms - ^Mi^'^u (406) 

msx + = ky + ad-^Ty - ^M^^'^u] + ^^4'^^ (40c) 

and ^ 

(^1 = [crt - i02x + TWa] (41a) 

UJ2 = —{kx + err) — a^{m3y + m2m\) + iauy + im2Ux (416) 
^3 = (fx ~ kr) + a'^{m2y — msmi) + ikuy + im^Ux- (41c) 
Functions q,p are given by (39) with 

2 1 lap 1 

a\ = a'l = -{k+a^) + —^{m^+m2)—fracl2aR{kms+am2) — -ai{km,2+CTrns) 

(42a) 

bi = dxH-7^ -{A-A + D-D)} (426) 

al = (12 = ^(/c^ + a^) + -^^(m| + m2) + ^Q;i?(A:m3 + c7m2)-^a7(A:m2 + (Tm3)} 

(42c) 

&2 = d-\-^ -^A-A + D-D)} (42d) 
zia2 

where 

1 lap 
71 = ''■{-jlKkT - <^x) + o"(o-T + kx)] + —^[m^{kmi - Gy) + m2{ami + ky)]- 

^aR[k{kmi - ay) + a{ami + ky) + m3{kT - ax) + m2{aT + kx)\+ 

-ai[k{2ky - mzx) + a{2ay — m2x) — kxms — axm2]} (43a) 
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1 

72 = -i{-^[k{kT - ax) + a{aT + k^)] + -^[m3{kmi - ay) + m2{ami + ky)]+ 
^aR[k{kmi — ay) + a{ami + ky) + ms{kT — ax) + m2{aT + 

^a/[/c(2/c2/ - TOsa;) + (7(2(Tj, - m2x) - kxTUs - axm2]}. (436) 



Here 



. 2a , ^ i,{2a + l) 
a = aR + iai, A=-[uy Ux\, D = -[- 



4^"" a -^'^ 4' a 

In this case, q,p satisfy the DS equation (31). 

The Ishimori I and DS I equations, we get as or = 1, a/ = 0. The Ishimori 
II and DS II equations we obtain from these results as an = 0, aj = 1. Details, 
you can find in [1]. 

2.5.2 The Myrzakulov IX equation 

Now let us establish the connection between the M-IX equation (32) and the 
mM-LXI equation (14). Prom (32) and (14) we get 

mi = d-^ [Ty - i^M2u] (44a) 

m2 = ^ms - l^^2U (446) 

m3x + -^rns = ky + ad'^ [Ty - ^M2u] + ^^^2^ (44c) 

and ^ 

t^i = -j^ [crt - + TWa] , (45a) 

UJ2 = —4{a'^—2ab—b){kx+aT)—4a{b—a){ky+arni)—a'^{rn3y+'rn2rni)+aA2+rn2Ai 

(456) 

Us = 4{a^—2ab—b){ax—kT)+4a{b—a){ay—km.i)+a'^{rn2y—'iTi3rni)+kA2+rn3Ai 

(45c) 

Functions q,p are given by (39) with 

^ l^*^'!^ ^ ^-^{{l+l)'^{k+a'^)+^-^^{ml+ml)—{l+l)aR{kms+am2)—{l+l)ai{km2+^ 



(46a) 

bi = dx'{--^ -^A-A + D-D)} (466) 
2ia\ 



|6P 2 |6P lap 
= j^"2 ^ ■|^{^^(^^+'^^)"' — -^{ml+ml)—laR{krns+am2)+lai{km2+arn3)} 

(46c) 



b2 = d-'{--^ -(A-A + D-D)} (46d) 
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where 

U|2 

71 = i{2(l + l) [k{kT -ax) + a{aT + kx)] + —^[rn3{krnl-ay) + m2{(7ml + ky)]- 

{l + l)aR[k{kmi — ay) + a{ami + ky) + m3{kT — ax) + m2{aT + 

+ l)ay [k{2ky - msx) + a{2ay - m2x) - kxtris - axm2]} (47a) 

I |2 

72 = —i{2l'^[k{kT — ax) + cr(crT + kx)] + -2-[™'3(A;mi — ay) +m2{ami + /cy)]— 

/aij[A;(A;mi — ay) + a{ami + ky) + ms{kT — ax) + m2{aT + fcj;)]— 

ZQ;7[A;(2A;y - msj;) + (7(2(7j, - m2x) — kxins - axm2]}. (476) 

Directly calculation show that q,p satisfy the ZE (37). 

These results gives: 1) as an = l,ai = the M-IXA equation; 2) as 
aji = 0, a/ = 1 the M-IXB equation; 3) as a = 6 = —^,aR = l,aj = the 
Ishimori I and DS I equations; 4) as a = 6 = — |, aji = 0, a/ = 1 the Ishimori II 
and DS II equations; 5) as a = 6 — 1 the M-VIII and corresponding Zakharov 
equations; and so on [1]. 

2.6 The M-LIX equation and Soliton equations in 2+1 

Now let us consider the connection between the M-LIX equation and (2+1)- 
dimensional soliton equations. Mention that the M-LIX equation is one of 
(2-|-l)-dimensional extensions of the SFE (la). As example, let us consider the 
connection between the M-LIX equation and the M-IX equation (32). Let the 
M-LIX equation has the form [1] 

"^12/ = — ^eia; + ^ei A eix + +i{q + p)e2 + (q - p)e3 (48a) 

ae2y = Exercise Nl (486) 
aesy = Exercise Nl. (48c) 
In terms of matrix this equation we can write in the form 

aeiy = ^ eix + ^[ei,eix] +i{q + p)e2 + (q - p)e3 (49a) 

ae2y = Exercise Nl (496) 
aesy = Exercise Nl (49c) 

where 

ei = g'^cr^g, 62 = g~^a2g, 63 = g'^aig (50) 
Here aj are Pauli matrices 

= ( ? i ) ' = ( ! j ' = ( i -1 ) 
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So we have 

C71C72 = ias = —(72(71, CTiCJs = —ia2 = — (TsCri, (73(72 = — i<Ti = — C72(T3 (52a) 

and 

a] =1 = diag{l, 1). (526) 
Equations (49) we can rewrite in the form 

[as, Bo] = i{q + p)a2 + (g - p)(Ti (53a) 

[(72, 5o] = -«(g + P)cr3 (536) 
[c7i,So] = -(g -J9)cr3 (53c) 

where 2 11 

-Bo = "52/5"^ - Big^g-\ Bi = -^^^ — I + -0-3 (54) 



Hence we get 



Thus the matrix-function g satisfies the equations 

"52/ = Big^ + Bog. (56) 

To find the time cvohition of matrices ej or vectors e^, we require that the 
matrix ei saisfy the M-IX equation, i.e. 

i^u = ^[ei,Afiei] + Aieiy + A2eix (57a) 

M2U = —tr{ei{[eix, hy]) (576) 

Prom these informations we find the time evolution of matrices 62,63. So 
after some algebra we obtain 

[(73, Co] = i(ci2 + C2l)c72 + (Ci2 - C2l)(7i (58a) 

[o-2, Co] = ^(Cll - C22)o-l - Z(ci2 + C2l)(73 (586) 

[(71, Co] = — j(cii - C22)(72 - (Cl@ - C2l)(73 (58c) 

where 

Co = gtg~^ - 2iC2gxxg~^ - Cig^g'^, C2 = + ^^^s, Ci = iBo. (59) 



Hence we get 



Co = (60) 
V C21 C22 / 



with 

C12 = i(26 — a + l)gj; + i(xqy, C21 = ^(a — 2h)qx — ictpy (61a) 
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and Cjj are the solutions of the following equations 

(a + l)cux - aciiy = i[{2b - a + l){pq)x + a{pq)y] (616) 

ac22x - ac22y = i[(a - 2b){pq)x - Oi{pq)y\- (61c) 
So that the matrix g satisfies the equation 

gt = 2C2gxx + Cigx + Cog. (62) 

So we have identified the curve, given by the M-LIX equation (48) with the 
M-IX equation (32). On the other hand, the compatibilty condition of equations 
(56) and (62) is equivalent to the ZE (37). So that wc have also established the 
connection between the curve (the M-LIX equation) and the ZE. And we have 
shown, once more that the M-IX equation (32) and the ZE (37) are L-equivalent 
to each other. Finally we note as a = 6 = — ^ from these results follows the 
corresponding connection between the M-LIX, Ishimori and DS equations [1]. 
And as a = 6 = —1 we get the relation between the M-VIII, M-LIX and other 
Zakharov equations (for details, see [1]). 

2.7 Spin systems as reductions of the M-0 equation 

Consider the (2-|-l)-dimensional M-0 equation [1] 

St = 01262 + 01363, Sx = 61262 + 61363, Sy = C1262 + C1363 (63) 

where 

62 = ^Sa; - ^Sy, e3 = -^Sx + ^Sy, A = 612C13 - 613C12. (64) 

All known spin systems (integrable and nonintegrable) in 2-1-1 dimensions are 
the particular reductions of the M-0 equation (63). In particular, the IE (26) 
is the integrable reduction of equation (63). In this case, we have 

ai2 = UJ3, ai3 = —U2, 612 = 613 = —a, c\2 = ms, C13 = -m2. (65) 

Sometimes we use the following form of the M-0 equation [1] 

St = d2Sx + d^Sy (66) 

with 

, ai2Ci3 - ai3Ci2 , 012613 - 013612 
d2 = ^ , ds = ^ . (67) 

3 Surfaces and Solitons in 2+1 

3.1 The M-LVIII equation and Soliton equationa in 2+1 

In the C-approach [1], our starting point is the following (2-1-1 )-dimensional 
M-LVIII equation [1] 

rt = Tir^ + T2ry + Tsn (68o) 



13 



^xx — riirj; + ^iiTy + Ln 



^xy = ^12T^x + ^12^y + Mn 

= rl^r^ + rl^ry + Nn 



'■yy 



(686) 
(68c) 
(68d) 

T^x=Piirx+Pi2ry (68e) 

Ta-y=P2iYx+P22-ry. (68/) 

This equation admits several integrable reductions. Practically, all integrable 
spin systems in 2+1 dimensions are some integrable reductions of the M-LVIII 
equation (68). 



3.2 The M-LXIII equation and Soliton equationa in 2+1 

Sometimes it is convenient to work using the B-approach. In this approach the 
starting equation is the following M-LXIII equation [1] 



rtx 


— ^Ol^x + ^Ol^y + Toill 


(69a) 


ny 


= ^02^x + ^02T^y + ro2n 


(696) 


^xx 


= Vlir^ + rl^Vy + Ln 


(69c) 


^xy 


= r\^r^ + rl^ry + Mn 


(69d) 


^yy 


= rl^r^ + rl^ry + Nn 


(69e) 




=Poirx +P02ry 


(69/) 




^x =Purx+Pi2ry 


(695) 




% =P2irx +P22ry. 


(69/i) 



This equation follows from the M-LVIII equation (68) under the following con- 
ditions 

Ti. + Tir^i + T2r\2 + Tspn 



^ 01 



02 



'T2X + TiL?, + T2r?2 + T3P12 



03 



Ta^ + TiL + T2M 



i^oi 



P02 



k = EG-F^ 



A ' ""^ A 

Note that the M-LXIII equation (69) usually we use in the following form 



(70) 



where Z = {r^jTy, n)* and 



A 



r}i rl, L \ 
pii P12 J 



B 



Zx 



AZ 
BZ 



-'y 

Zt = CZ 




c 



' J- 01 
i 02 



01 

p2 
^ 02 

^ 03 



(71a) 

(716) 
(71c) 



01 

^02 


(72) 
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3.3 The M-LXIV equation 

In this subsection we derive the M-LXIV equation, which express some relations 
between coefficients of the M-LXIII equation (69) or (71). Prom (71) we have 

Ay-B^ + [A, B]=0 (73a) 

At'C^ + [A, C] = (736) 
Bt-Cy + [B, C] = (73c) 
It is the M-LXIV equation. These equations are equivalent the relations 

^yxx ~ ^xxyi ^yyx ~ ^xyy C^^*^) 

T^txx — ^xxtj T^txy — ^xyti ^tyy — ^yyt- C''^^) 

Note that (73a) is the well known Codazzi-Mainardi-Peterson equation (CMPE). 

3.4 Orthogonal beisis and LR of the M-LXIV equation 

Let us introduce the orthogonal trihedral 

ei = 62 = n, 63 = ei A 62. (75) 



Let el = P = ±l,i 
equations 



1. Then these vectors satisfy the following 




1 





-(3L 



L 




A p2 

-Api2 








1 


62 









-f3M 







^r?2 AP22 







J- 01 



62 = ^ -Pi 01 U 

-3 A ^Vftrg, Ar^03 



The matrix form of this equation is 

1 

eix = 



1 



(Le2- 



A 



-AP22 



A p2 
71 01 
03 





:r?ie3) 



(76a) 



(766) 



(76c 



e2x = -^{-(3Lei - Ap^es) 

1 , ^A ^2 ^ A ^ N 

eiy = -^(Me2 ^ri2e3) 



Ve 



(77a) 

(776) 
(77c) 
(78a) 
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e2y = -)={-(3Mei - h.p22h) 



where 



1 , /3A ^2 . 

eu = ^{Tl,e2-^Vl,e,) 
e2t = ^{-(iTl^ei-KTl^h) 
^st = ^(^^l.^^+AT^03E2 



h= g ^cr^g, €2 = g V25, £3 = g 



Equations (77-79) we can rewrite in the form 

['^3'^] = ;;^(^^2--^r?iai) 



[(72, U] = -^(-/JLCTS - Api20-l) 



kl, t/] = ^(;^r2,c73 + Api2C72) 

[a3,y] = ^(Ma2-ArV,) 

[(72, F] = ^(-/3M(T3 - Ap22(Tl) 

V E 



where 

Hence we get 



[(71, V] = -^(^rfao-a + Ap22(T2) 
[-s,W] = ^{Tl,a2-^rl,a,) 
[a2,W] = ^{-PTl,a3-Arl,ai) 
[a,,W] = -^i^rla3 + Arl,a2 

U = gxg~\ y = gyg~^, W = gtg~^ 



U 



V 



2i^/E \ L - iJirli VApi2 



-VAp22 M-i^Tj^ 
2iVE [ M + iJ^Tl^ VAp22 
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^1 -VArS, rl-,^rl 

Thus the matrix-function g satisfies the equations 

gx = Ug, gy = Vg, gt = Wg. (86) 
Prom these equations follow 

Uy-V, + [U, V]=0 (87a) 

Ut-W^ + [U,W] = (876) 

Vt-Wy + [V, W]=0 (87c) 

This equation is the M-LXIV equation. Equation (87a) is the CMPE. Note that 
the M-LXIII equation in the form (76) have the same form with the mM-LXI 
equation (14) with the following identifications 

k = ^, a = ^rl„ r = -^p,, (88a) 

A A^2 M , 

mi = --j=p22, rn2 = -^^12^ "^3 = (886) 

'^i = --^Ar23, u;2 = ^rl^, us = ^rl, (88c) 



4 Self-cordination of the geometrical formalism and 
Hirota's bilinear method 

The main goal of this section is the establishment self-coordination of the our 
geometrical formalism that presented above with the other powerful tool of 
soliton theory - the Hirota's bilinear method. We demonstrate our idea in 
some examples. Usually, for the spin vector S = {Si, S2, Ss) take the following 
transformation 

S+ = Si+iS2 = y^^, Ss = ^-^. (89) 

// + 99 ff + 99 

Also n this section, we assume 

S = ei (90) 

Now consider examples. 
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4.1 The Ishimori equation 

It is well known that for the IE (26) the bilinear representation has the form 

„. = -WM^:^LiM, «, = -2zM^mM (91) 
ff + 99 ff + 99 

Then the IE (26) is transformed into the bilinear equations [7] 

{iDt -Dl- a^Dl) {fof-gog)=0 (92a) 

{iDt-Dl-a^Dl)fog = 0. (926) 
Plus the additional condition, which follows from the condtion 

(93) 

Now we assume that ^ _^ 

r = -Uy, mi = (94) 

Then, the second equation of the IE (26b) has the same form with the third 
equation of then mM-LXII equation (17c). So, we get 

+ 2/5 If -99 far. ^ 

ej = —, ei3 = (95a) 

r = —I 1 , mi = —I — : (956) 

A A ^ ' 

Similarly, after some algebra we obtain 

+ - P+f ■fg-Jl + P-f f9 + f9 /of;^ 

ej = I , 623 = * , ej = , 633 = (96) 

and 

, .Dx{9° f - 9° f) .Dx{9° f + 9° f) X 

k = —I T , a = —I : , (97a) 

A A ^ ^ 

D,j{!Jo.r + g°f) Dy{gof + gof) 

771,2 = — rn^ = —I — (976) 

Here = (6^1, 6^2, 6^-3), ef = Sji ± iej2- 

4.2 The M-I equation 

Let us now consider the Myrzakulov I (M-I) equation, which looks like [1] 

St = (S A Sj^ + uS)x (98a) 
Ux = -S■{Sx^Sy). (986) 

To this equation we take 

r = 0, mi=u (99) 
Then equations (17c) and (98b) have the same form. From (95) and (99) follow 

DMof + gog)=Q (100) 

u = _i£M^±IlA (101) 
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4.3 The M-IX equation 

In this case, we take 

T = -^[auy - {2a + l)ux], mi = -^[a{{2a + l)uy - 4a{a + l)ux] (102) 
So, for potential we have 

= 2ia{2a + ^^RAl^±lf^ _ ^ia^M^ll^ (io3a) 

uy = 8za(a + l)£Al^±I^ _ 2ia{2a + i)M^^l±lM (i036) 

5 Supersymmetry, geometry and soliton equations 

In this section we estabUsh a connection between geometry and supersymmet- 
ric (susy) sohton equations. As example we consider the susy generalizations 
of NLSE (1) and LLE (9). To this purpose, first we must construct a susy 
extensions of the SFE (9). Simple example of such extensions is the 0SP(2|1) 
M-LXV equation [1]. It is convenient to work with the matrix form of the 
0SP(2|1) M-LXV equation, which we write in the form [1] 

eix = 2ge2 — 2pe3 + /?e4 — £65 (104a) 

e2x = pei - 2iXe2 + ee^ (1046) 

esx = -qei + 2iXe3 + f^e^ (104c) 

e^x = eei — 2/3e2 — iXe^ — pe^ (104(i) 

^bx = -/9ei + 2ee2 - 964 + iXe^ (104e) 

Here, ei, 62, 63 arc bosonic matrices, 64, 65 are fermionic matrices, p{q) = p{p) = 
0,P{P) =p(e) = 1 and 

ei = g~^hg, 62 = g'^hg, h = g'^kg, h = g'^Ug, 65 = g'^kg (105) 

Generators of the supergroup 0SP(2|1) have the forms 



















-1 


• 






[0 











/ 



1 






/4 = , /5 = 00 1 (106) 



These generators satisfy the following commutation relations 

[^1,^2] = 2^2, [^1,^3] = 2/3, [l2,h]=li, [^1,^4] =^4, [^15^5] 
[^2, ^4] = 0, [I2, k] = h, [h, h] = h, [h, h] = 
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04,^4} = -2/2, {U,k} = li,{h,k} = 2k (107) 

Prom (9) follows 

[h, U] = 2ql2 - 2pk + Pk - eh (108a) 

[Z2, U] = ph - 2iXl2 + eh (1086) 

[^3, U] = -qh + 2iXk + (108c) 

[U, U] = eh - 2(3h - iXh - ph (108d) 

[h, U] = -Ph + 2eh - qk + iXh (108e) 

where 

9x9'^ = U (109) 

Hence we get 

U = iXh + qh + ph + Pk + eh (HO) 
Now we consider the (l+l)-dimensional M-V equation [1] 

iRt = ^[R,R:cx] + l[R'',{R')xx] (111) 
Here R G osp{2\l), i.e it has the form 

( * 

= S+ -S3 72 I (112) 



and satisfies the condition 
or in elements 




R^ = R (113a) 



Si + S+S- + 27172 = 1. (1136) 

Here Sij are bosonic functions and are fermionic functions, i.e. p{Sij) = 
0,p(7j) = 1. The M-V equation is the simplest supersymmetric generalization 
of the LLE (9) on group 0SP(2|1). It admits two reductions: the U0SP(2|1) 
M-V equation and the U0SP(1,1|1) M-V equation [1]. As was established in 
[1], the gauge equivalent counterparts of the M-V equation (9) is the 0SP(2|1) 
NLSE [8,9]. In [10] was studied the U0SP(1,1|1) M-V equation. 
The LR of the M-V equation has the form [1] 

V'a: = U'^, (114a) 

^pt = V'i) (1146) 

with 

U' = iXR, (115a) 

V = 2iX^R + ^[R", {R\]. (1156) 
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Now let us return to the our supercurves. To find the time evolution of this 
supercurves for the 0SP(2|1) group case, we assume that 

ei = R (116) 

Then ei satisfies the the M-V equation, i.e 

1 3 

ieit = 2[^i,eixx] + ^i^i, (e?)xx] (117) 

Now we are in position to write the time evolution of i-j. We have 

iit = 2Xeix - 2iga;e2 - "^iPxes - 2i/3a;e4 - ^ie^e^ (118a) 

e2t = 2Xe2x — 2i{pq + 2/3e)e2 + ipxe2 + 2ze^e4 (1186) 

est = 2Ae3^ + 2i{pq + 2(3e)e3 + ir^ei - 2z/3^e5 (118c) 

= 2Xe4x + 2iexei + ^1/3x^2 — i{pQ + 2/3e)e4 — ipx^^ (118d) 

est = 2Xe5x - 2ij3xei + 4^^:63 + ivxei + i(jpq + 2/3e)e5 (118e) 
Hence we obtain 

[h,V- 2XU] = -2iqj2 - 2ipJ3 - 2i(5Ji - 2ieJ5 (119a) 

[h, V - 2XU] = -2i{pq + 2(3e)l2 + ipxh + 2i€xk (1196) 

[k, V - 2XU] = 2i{pq + 2f3e)h + ivxh - 2iPxh (119c) 

[h, V - 2XU] = 2i€xh + ^i^xh - iijpq + 2^e)h - ipxk (119d) 

[k, V - 2XU] = -2iPxli + 4.16x13 + irxk + i(jpq + 2^e)h (119e) 

where 

gtg-^ = V (120) 

Prom (9) follows 

V = 2XU + i{pq + 2/3e)Zi - iqxh + iPxk - 2iPxk + 2iexk (121) 

So for g we have the following set of the linear equations ce we obtain 

gx = Ug (122a) 

9t = Vg (1226) 
The combatibility condition of these equations gives 

iqt + Qxx - 2rq^ - Aqfie - 4ee^ = 0, (123a) 

in - Txx + 2qr^ + 4r/?e - 4/3/3^ = 0, (1236) 

iet + 2exx + 2q^x + <lx^ - erq = 0, (123c) 

i(3t - 2(3xx - 2re^ - r^e + Prq = 0, (123d) 

It is the 0SP(2|1) NLSE [8,9]. So we have proved that the M-V equation and 
the 0SP(2|1) NLSE are equivalent to each other in geometrical sense. 
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6 Conclusion 



To conclude, in this paper, starting from Lakshmanan's idea [2] we have dis- 
cussed some aspects of the relation between differential geometry of curves/surfaces 
and soliton equations in 2+1 dimensions. Also we presented our point of view 
on the connection between geometry of curves and supcrsymmctric soliton equa- 
tions. The self-cordination of geometry and Hirota's bilinear method is estab- 
lished. 

Finally, we would like note that the above presented results are rather the 
formulation of problems than their solutions. The further studies of these prob- 
lems seem to be very interesting. In this connection, I would like ask you, if 
you have or will have any results in these or close directions, dear coUeaque, 
please inform me. Also any comments and questions are welcome. 



7 Exercises 

Finishing we also would like to pose the following particular questions as exer- 
cises: 

Exercise Nl: Write the vector form of the M-LIX equation. 

Exercise N2: Write the vector form of the M-LXIV equation. 

Exercise N3: Find a surface corresponding to the M-LIX equation. 

Exercise N4: Find the intcgrablc reductions of the M-LVIII. 

Exercise N5: Find the integrable reductions of the M-LXIII. 

Exercise N6: Find the integrable reductions of the M-LXV. 

Exercise N7: As well known the M-XXXIV equation (9) is integrable. Find 

the other integrable equations among spin - phonon systems (3)- (9). 

Exercise N8: Study the following version of the M-LIX equation 

aeiy = — - — eix + -ei A eia; + +ce2 - des (124a) 

2a -1-1 i X 

ae2y = — - — e2x + A e2x + -cei + ne^ (1246) 

"^32/ = — ^ — esj; -I- -ea A e^x + "ei - ne2 (124c) 

Exercise N9: Find the physical applications of the above presented equations 
and spin-phonon systems from Appendix. 



8 Appendix: Spin - phonon systems 

Here we wish present some spin-phonon systems, which describe the nonlinear 

dynamics of compressible magnets [1]. May be some of these equation are 
integrable. For example, the M-XXXIV equation is integrable. 
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8.1 The 0-class 

The M-LVII equation: 

2iSt = [S, S^^] + {u + h) [S, as] (125) 

The M-LVI equation: 

2iSt = [S, S^^] + (uSs + h) [S, aa] (126) 

The M-LV equation: 

2iSt = {{nSl -u + m)[S, S^]}^ + h[S, as] (127) 
The M-LIV equation: 

2iSt = n[S, S,,,,] + 2{(/x-^ -u + m)[S, S,]}, + h[S, a^] (128) 
The M-LIII equation: 

2iSt = [S,Sa,a^]+2iuSa, (129) 

where vq, fx, A, n, m, a, b, a, P, p, h are constants, u is scalar potential, 

S3 rS \ Q± _ Q _i_-Q ^2 11 c2 



^=[rS+ -S3)' S^ = Si±iS2, r' = ±l S' = I. 

8.2 The 1-class 
The M-LII equation: 

2iSt = [S, S^^] + {u + h) [S, C73] (130a) 

putt = I'iuxx + KS3)xx (1306) 

The M-LI equation: 

2iSt = [S, S^^] + {u + h) [S, aa] (131a) 

putt = I^qUxx + a{u'^)xx + PUxxxx + HS3)xx (1316) 

The M-L equation: 

2iSt = [S, S^^] + {u + h) [S, a3] (132a) 

ut + ux + X{S3)x = (1326) 

The M-XLIX equation: 

2iSt = [S, S^x] + {u + h) [S, as] (133a) 

ut + Ux + a{u'^)x + Puxxx + KS3)x = (1336) 
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8.3 The 2-class 

The M-XLVIII equation: 

2iSt = [S, S^^] + {uSs + h) [S, as] (134a) 

putt = T^luxx + KSl)xx (1346) 

The M-XLVII equation: 

2iSt = [S, Sxx] + [uS^ + h) [S, aa] (135a) 

fnitt = fluxx + Ol{u^)xx + PUxxxx + KSl)xx (1356) 
The M-XLVI equation: 

2iSt = [S, Sxx] + {uS^ + h) [5, aa] (136a) 

ut + ux + \{Sl)x = (1366) 

The M-XLV equation: 

2iSt = [S, Sxx] + (uSs + h) [S, (73] (137a) 

ut + Ux + a(u'^)x + Puxxx + KShx = (1376) 

8.4 The 3-class 

The M-XLIV equation: 

2iSt = {{i^Sl -u + m)[S, Sx]}x (138a) 
putt = T^luxx + KSl)xx (1386) 

The M-XLIII equation: 

2iSt = {{nSl-u + m)[5, SxWx (139a) 

fnitt = vluxx + Ol{u^)xx + PUxxxx + KSi)xx (1396) 
The M-XLII equation: 

2iSt = {(m^ -u + m)[S, Sx]}x (140a) 

ut + ux + \{Sl)x = (1406) 

The M-XLI equation: 

2iSt = {{nSl-u + m)[S,Sx]}x (141a) 

ut + ux + a{u'^)x + Puxxx + A(^^):,; = (1416) 
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8.5 The 4-class 

The M-XL equation: 

2iSt = [S, 5,,,,] + 2{((1 + ^i)Sl -u + m)[S, S,]}, (142a) 

putt = T^luxx + K^l)xx (1426) 

The M-XXXIX equation: 

2iSt = [S, Sxxxx] + 2{((1 + ii)Sl-u + m)[S, 5^]}^ (143a) 

fnitt = vluxx + Oc{u^)xx + PUxxxx + HSl)xx (1436) 

The M-XXXVIII equation: 

2iSt = [S, Sxxxx] + 2{((1 + ^i)Sl -u + m)[S, Sx]}x (144a) 

ut + ux + X{Sl)x = (1446) 

The M-XXXVII equation: 

2iSt = [S, Sxxxx] + 2{((1 + fi)Sl-u + m)[S, Sx]}x (145a) 

ut + Ux + aiu% + Puxxx + >^iSl)x = (1456) 

8.6 The 5-class 

The M-XXXVI equation: 

2iSt = [S,Sxx] + 2iuSx (146a) 
putt = I'iuxx + Hf)xx (1466) 

The M-XXXV equation: 

2iSt = [S, Sxx] + 2iuSx (147a) 

putt = I'qUxx + a{u'^)xx + PUxxxx + Kf)xx (1476) 
The M-XXXIV equation: 

2iSt = [S, Sxx] + 2iuSx (148a) 

ut + ux + XU)x = (I486) 

The M-XXXIII equation: 

2iSt = [S, Sxx] + 2iuSx (149a) 

ut + Ux + a{u'^)x + f3uxxx + Kf)x = (1496) 
Here / = itr(52), A = 1. 
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